Abstract. In this paper, we obtain two rigidity results for p-Laplacian type equations on compact Riemannian manifolds by using of the carré du champ and nonlinear flow methods, respectively, where rigidity means that the PDE has only constant solution when a parameter is in a certain range. Moreover, an interpolation inequality is derived as an application.
Introduction and main results
Throughout the paper we assume that (M, g) is an n-dimensional compact Riemannian manifold without boundary and dV the volume element induced by the Riemannian metric g. In [6] and [2] (or see [1] ), Licois-Véron and Barky-Ledoux proved a rigidity result for equation ( Here the quantity Q g u is defined by Q g u := ∇∇u − g n ∆u − (n − 1)(q − 1)
where ϑ is defined in (1.2) . In recent preprints [9] and [8] , the first author and coauthors obtain the rigidity results for nLaplace equation with exponential nonlinearities on n-dimensional compact Riemannian manifolds and weighed equation (1.1) on weighted Riemannian manifolds via Bakry-Emery Ricci curvature.
Motivated by above works, the purpose of this paper is to study rigidity results for p-Laplacian type equation
on compact Riemannian manifolds by using of carré du champ and nonlinear flow methods, where p-Laplacian ∆ p is defined by ∆ p v := div(|∇v| p−2 ∇v) and
Now, Let us state the main results of this paper. The first rigidity result is given by the method of carré du champ, which mainly depends on p-Bochner formula (see [7] )
where L is the linearized operator of ∆ p at the point u,
and ∇∇u denotes the Hessian of u, ∇∇u
Let λ 1 be the lowest positive eigenvalue of −L, that is −Lϕ = λ 1 ϕ.
) be an n-dimensional compact Riemannian manifold with Ric ≥ Kg(K > 0). If λ is a positive parameter such that The second rigidity result takes advantage of nonlinear flow of porous medium type. Let us introduce p-porous medium flow,
where
which can be view as a p-Laplacian version in [4] . Next, recalling θ is given in (1.7), define
where a is the inverse of A, define
where m = max{p, 2p − 2}. If 0 < θ < 1, then
3) on compact Riemannian manifolds has a unique constant solution, which equal to 1. Finally, we can establish an interpolation inequality as an application of rigidity results.
, the following inequality holds:
where β is defined in (1.4) and s = p−2+βp β . Remark 1.6. When the manuscript was finished, we find that some interpolation inequalities in W 1,p (S 1 ) are derived based on the carré du champ methods in preprint [5] .
2. Proof of Theorem 1.1
In order to prove Theorem 1.1, we need to the following Lemmas. 
1)
, L is the linearized operator defined in (1.6),
and α, σ are two constants given by
3)
Proof. Set v = u −β be a solution to equation (1.3), then u satisfies
Multiplying (2.5) by u 2γ p −1 |∇u| p and u 2γ p ∆ p u respectively and integrating by parts, which give the following identities
Combining (2.6) with (2.7), we obtain
Multiplying the p-Bochner formula (1.5) by u 2γ p and integrating by parts, then we get
where J is defined in (2.2). In fact,
Direct calculation shows that
Thus, by (2.10), if γ −p, there holds
Putting (2.11) into (2.8) and (2.9), we obtain
dV between (2.12) and (2.13), we get (2.1).
Lemma 2.2. According to definition of L, the following inequality holds
14)
where λ 1 is the lowest positive eigenvalue of −L and |∇ψ|
Proof. Let λ 1 be the lowest positive eigenvalue of −L such that
Multiplying (2.15) by (ψ −ψ) and integrating by parts,
Using (2.16) and (2.17), we obtain (2.14).
Now we can start our proof.
Proof of Theorem 1.
With the notations in Lemma 2.1, we can find a couple (β, γ) such that
By (2.18) and (2.1), we get
where we use the definitions of σ in (2.4) and R in (1.8). Set
On the one hand, σ ≥ 0 in (2.4) implies
On the other hand, α ≥ 0 is equivalent to the following inequality
The derivative of α with respect to η is
Thus, α takes the maximum value, when
That is
We set α(η 0 , X) = 0, its negative root is
By (2.21), one get
which is equivalent to q ≤ p * . Putting the specific value of X = β γ = X 0 into the last term in (2.20), we obtain
where θ is defined in (1.7) and R is defined in (1.8).
The Cauchy-Schwarz inequality implies (see [7] )
According to (2.22) and (2.23), when q ∈ (p, p * ) and
According to the assumption of α ≥ 0 in (2.19), then the equation (1.3) has a unique constant solution, and equal to 1.
3. Proof of Theorem 1.2
Let us define two A-tree free quantities on (M, g)
and
where ∇∇u is the Hessian of u and a = (a i j ) = g i j −
p−2 p−1 ∇ i u⊗∇ j u |∇u| 2 is the inverse matrix of A i j . If T i j and S i j are two tensors, we use the Einstein summation convention and
in particular, when p = 2, a = g, A = g −1 and
Using the notations of (3.1)-(3.3), we need the following Lemmas to prove Theorem 1.2.
Lemma 3.1. Assume n ≥ 2, the following identity holds
Proof. Directly computation shows that 5) in fact,
Integrating p-Bochner formula (1.5) on M yields
where we use the formula of integration by parts,
Combining (3.5) with (3.6), we get (3.4). 
Proof. Integrating by parts implies that
With above notations, one has the identities where µ is defined in (3.12). Then we finish the proof of Lemma 3.5.
Proposition 3.6. Assume n ≥ 2, q ∈ (1, p) ∪ (p, p * ), β and θ are given by (3.18) and (3.19). If u is a smooth positive solution to equation (1.9), we get Thus,
